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Surface level migration in vibrating beds of cohesionless granular materials
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Surface level migration in vibrating beds of cohesionless granular materials is investigated experimentally,
numerically, and theoretically. The difference in surface levels of narrow and wide regions is measured for
various values of the vessel size, particle size, and frequency and power of vibration. The effects of these
parameters on surface level migration are clarified. A molecular dynamics technique is used to calculate
various physical quantities, especially, wall shear stresses. It becomes evident that side walls exert downward
forces on particles and the friction between particles and walls play an essential role in surface level migration.
A vertical force balance on a layer of the material is analyzed and a formula for the difference of surface levels
is derived. The theoretical results are compared with numerical ones. The theory and the simulation agree
qualitatively.[S1063-651X98)09312-X]

PACS numbgs): 81.05.Rm, 05.40:j, 47.20.Ky, 83.10.Pp

I. INTRODUCTION Il. EXPERIMENT

We used an acrylic vessel of width and thicknessh

Since the pioneering work by Faradglj, vibrating beds =2.4 cm, shown in Fig. 1. It has a partition of thicknégs
of cohesionless granular materials have attracted consider0.2 cm which divides the vessel into two regions of width
able attention of many researchers not only in powder techly andl,=L—1y—I;. The partition is attached=1.0 cm
nology but also in physic&See, e.g., Ref$2] and[3]). They away from the bottom of the vessel and two regions are
exhibit a wide variety of dynamical behaviors such as heapinterconnected through a gap of thicknesdn order to in-
ing [4], convection[5], segregatior{6], bubbling[7], and vestigate e_ffects of vessel width, we prepared several sizes of
surface wavef8]. Recently, Akiyama and Shimomui@, 10] vessels W|th_L:3.2—6.2 cm and 1_=0.6— 1.8cm. As for
have reported a novel phenomenon: When a tube is imgranular particles, we used three size ranges of glass beads of
mersed in a vibrating bed and held stationary, the surfacdiameter =0.018-0.025(0.02) cm, 0.050-0.0016 cm,
level of particles within the tube becomes different from that"d 0:099-0.140.10 cm. Hereafter we represent them by

outside. We refer to this phenomenon as “surface level milypical values shown in parentheses. The vessel is vibrated

gration.” The difference in surface levels depends on a numpy a speaker where a frequencand an applied voltage
re controlled. The form of the waves was checked by an

tbedr of ?%rig:n(taiter:s suicmf\sfpgrtécle srllzde,dfi;?quﬁncyir?nc: ampg'scilloscope and found to be sinusoidal. The frequehisy
ude ot vibration, height ot beds, an erence in area ol jijed in a range from 10 to 100 Hz and the voltages
two regiong 11]. Usually, the surface in the narrow region in

the tube falls. In some cases, however, the surface level of a

. ; _ g A
narrow region becomes higher than that of a wide region and —| =
even a bistable state appeat2]. Apparently, surface level
migration is similar to capillary phenomena. It is well known <] 2 Jgﬁ

that capillarity of ordinary liquids comes from surface ten-
sion. In contrast, little is known about the mechanism of
surface level migration of granular materials. The purpose of
this paper is to investigate surface level migration in vibrat-
ing powder beds experimentally, numerically, and theoreti-
cally and to make progress in the understanding of the phe-
nomenon.

In Sec. Il, we perform experimental studies and measure glass
effects of the vessel size, particle size, and frequency and beads
power of vibration. In Sec. lll, a molecular dynamics tech-
nigue is used to simulate numerically and various physical
guantities, particularly, wall shear stresses, are calculated.
Section IV is devoted to theoretical explanation based upon L
numerical data obtained in Sec. lll. Finally in Sec. V, we
summarize and discuss our results. FIG. 1. Schematic diagram of a vessel.
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FIG. 2. Frequency dependence of the rdtiof the vibratory to
gravity acceleration\(=30 V).

changed from 10 to 30 V. The ratb=A(2#f )?/g of the
vibratory to gravity acceleration was calculated from mea-
sured values of the vibration amplitude Figure 2 shows
results atv=30 V andf =15-30 Hz. The ratid" turned out

to be almost constant. After vibration of several minutes, the
system reached a steady state independent of initial condi-
tions. Then the height, of the surface of the particle bed in

a narrow region of width; and thath, in a wide region of
width |, were measured. The zero point of height was as-
signed at the bottom of the partition. Note that the surface of
the vibrating bed is generally inclined. In the present work,
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h, and h, stand for average values of the highest and the FIG. 4. Effects of the vessel size on heightsf particle beds at
lowest points of the surface. The experiment was performegdonstant width. =6.2 cm in narron(O) and wide(®) regions ¥
several times under different circumstances such as the d=30V, r=0.06 cm.
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FIG. 3. Effects of the applied voltages on heightsf particle
beds in narrow(O) and wide (@) regions (;=1.2cm, L
=6.2.cm,r=0.06 cn).
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FIG. 5. Effects of the vessel size on heightsf particle beds at
constant ratiol, /1,=7 in narrow (O) and wide (@) regions {/
=30V, r=0.06 cnm.
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ook | is considered that in this region, the estimated amplitude of
| L ! L ! ! vibration is much less than the bead size and the particle bed
0 20 40 60 80 100 is inactive. In the next two figures, effects of the vessel size
f [Hz] are examined. In Fig. 4, the width of the whole vessel is

kept constant at 6.2 cm and the widthof a narrow region

is changed, whereas in Fig. 5, the rdtjd| , is fixed at; and

L is altered. Atl;=1.8 cm, h; is nearly equal tch, at all
frequencies. Wheh;=<1.0 cm, on the contranh; is much
lower thanh, and surface level migration clearly takes place.

! ! - | ! In addition, frequency dependence in these three cases is
tion of the narrow regiorleft side or right sidg and the  gimilar. It should be noted that in Fig. 5 where the vessel size
time and date. o _ is changed keeping the similarity, the upper two results are
~ The results are shown in Figs. 3—6. Here heights of pargimost the same but the bottom one is qualitatively different.
ticle beds are plotted as a function of the frequefiayf  The coexistence of similar and nonsimilar behaviors suggests
vibration. Heightsh, in a narrow region are denoted by open hat 5 simple scaling relation does not hold. Rather, the ab-
circles and thosé, in a wide region are indicated by solid so|yte value of, seems to play an important role in surface
circles. In Fig. 3, heights for values ¥f=10-30V are plot-  |eye| migration. In Fig. 6, results of three size ranges of glass
ted, which shows that the qualitative features are indeperyeads are compared. We find that the particle size exerts an
dent of V. At low frequencies, the surface leve} of the  jmportant influence on surface level migration. In the case

narrow region is much lower than that of the wide redgn  =0.02 cm, the surface level of the narrow region always
With increasing frequencyh, rises and exceeds,. In the

high frequency regiomy; andh, are almost equal and other

FIG. 6. Effects of the particle size on heiglit®f particle beds
in narrow (O) and wide (®) regions (;=1.2cm,L=6.2cm,V

=30V).

rection of frequency changéncrease or decreasehe loca-
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FIG. 9. Difference of heighth,—h; as a function of the
FIG. 7. Schematic diagram of simulations. particle-wall friction coefficientu,, (A=4.0,T=2.0.
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FIG. 12. Effects of the ratid’ of the vibratory to gravity accel-
FIG. 10. Period dependence of the difference of heidhts eration on the height differende,—h; (1,=0.5,A=4.0).

—h; (I'=39.4,N=600).

- == nplf] o @
falls, while atr =0.10 cm,h; exceeds, except at low fre- ! PEE |
guencies. At an intermediate size-0.06 cm,h, varies rap-
idly with changing the frequencly wherew,, is a friction coefficientf, is the normal force, and
v, is the relative velocity tangential to the surface. When the
friction force obtained from Eq(2) is large enough to
change the sign of;, the so-called fully rough surface con-

Simulations were carried out for two-dimensional systemslition

where granular particles are modeled by inelastic hard disks
with both translational and rotational degrees of freedom v, =0, 3
[13]. The simulation is schematically illustrated in Fig.N.
particles of radiug and massn are confined to a rectangular is used in place of Eq2). Translational and angular veloci-
box with a partition of zero thickness. The box oscillatesties of particles after collision are completely determined
with a triangular wave form of perio@ and amplitudeA.  from Egs.(1), (2), or (3), and conservation laws of transla-
Interparticle collisions are assumed to be the standard centeional and angular momentum. Collision between a particle
of-mass hard-core collisions. The precollision and postcolli-and a solid wall is similarly defined with a coefficient of
sion relative particle velocities;, normal to the surface at restitutione,, and a friction coefficient,, . Initially particles

Ill. SIMULATION

contact are related by are arranged in a square lattice and particle velocities are
chosen to be random. Note that initial conditions are irrel-
Vi=—eyV,, (1) evant to steady state properties. In the present simulations,

we chose units of length, mass, and time such trat

wheree, is a coefficient of restitution and the prime denotes=(m)=g=1, whereg is the gravity acceleration and the
a postcollisional quantity. The forck acting tangential to brackets denote the average. The radiuand massm of

the surface is subject to Coulomb’s law particles are uniformly distributed in a range 0.8~1.2 and
Y
b 0l
-bl A “
4
1 [ 0
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< 51 g 52 2

FIG. 11. Normalo, and shearr, stresses exerted by side walls FIG. 13. Schematic diagram of boundary conditions for pres-
on particles aju,,=0.5 (A=4.0, T=2.0, N=400). suresP,,, P,, in a vessel with a partition.
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FIG. 14. Comparison of the theory and the simulation for the
ratio of heightsh, /h; (u,=0.5,A=4.0).

10 20 30 40 50 60
m=0.64~1.44, which corresponds approximately to experi-
mental conditions. The numbeX of particles is changed FIG. 15. Normalo, and shearr, stresses exerted by side walls
from 400 to 800. The vessel size is given by-40.0,1;  on particles afu,,=0.05 (A=4.0, T=3.0, N=400).
=10.0,1,=30.0,d=20.0, andH =100.0—150.0. The period
T and amplitudeA of oscillation are chosen such th@t monotonically decreasing function df and surface level
=0.5—3.0 andA=0.25—9.0. Notice thaf =A(27/T)?/gis  migration is suppressed at high
in most cases much larger than unity and the system is highly

accelerated. Later we will see that the friction between par- IV. THEORY
ticles and side walls exerts a strong influence. Among the ) )
various coefficients of restitution and friction, therefore, In static powder beds, Janssghd] employed a simple

is widely varied from 0.0 to 1.0, while the other parametersforce balance on elemental slices and derived a well-known
are fixed ate,=e,=0.95 andu,=0.2. formula for the stress distributiofll5]. In this section, we

Figure 8 shows a snapshot of simulationgigt=0.5. The perform a similar analysis for vibrating beds based upon the

surface of a wide region rises substantially and surface IevJP"OWlng two assumptions(i) Stresses are uniform across

S S any horizontal section of the material arfid) wall shear
migration takes place. In the absence of frictjpp= 0.0, on . ;
. ) . Stresses are proportional to horizontal stresses and the pro-
the other hand, the difference in surface levels are quit

o ‘E)ortional coefficient is independent of the height of the sys-
small. In order to treat quantitatively, we have calculatedtem The forces supported by a layer at heighty + dy are
hglghtsrsl ?nd dhz (If tsurfa:'e Ie\_/elz 'P. nzarrgwha_ni W/'?e. re- composed of stresses from adjacent layers, those from side
gions at steady states. e is elined byn;=an; _i(' walls, and gravity. A dynamical version of Janssen’s treat-
=1,2), wheren; is a number of particles in each region. In ment has been reported in REL6]. In the present paper,

Fig. 9,,uW-(_jep_endenc_e of the dlffere_nce of helghgs_— hy is however, we consider only steady states and neglect inertia
plotted. With increasingu,,, h,—h, increases rapidly and o5 The resulting vertical force balance in a two-
then decreases gradually. The influence of the frequency imensional system reads

oscillation is checked in Fig. 10. Hele—h, is plotted as a
function of T, whereI is kept constant. At all period$,

—h; at u,,=0.0 is almost zero, whereas that @f,=0.5 is j
always large. It becomes evident that the friction between
particles and side walls play an essential role in surface level 4
migration. Thus, we have computed wall shear stresses. Fig- ] ) ] ]

ure 11 shows normal and shear stressgs 7, exerted by WhereP, is the vertical compressive stress agnib the den-
side walls on particles as a function of vertical positipn sity of the ma_terlal. S|mulat|o_ns_ show that in V|bra_1t|ng beds
from the bottom of the vessel. Here circular, triangular, open®f I'>1, particles behave similar to molecules in normal
and solid symbols represent stresses by outer walls, by inn&@ses and the stress is locally isotropic:

walls, in a narrow region, and in a wide region, respectively.

Stresses in a wide region are larger than those in a narrow Px(X,y) =Py(X,y). )
region. In addition, <0, that is, side walls exert downward

shear stresses. It is well known that in static powder beds, thAssumption(ii) leads to

direction of wall shear stress is upward such that the side

walls support the particles. It should be emphasized that Ty=—u* Py, (6)
when subject to the vibration, wall shear stresses act in the

opposite direction to those in static beds, and the side wallerhere u* >0 is an effective wall friction coefficient. The
push particles down. Figure 12 shows the acceleraidn negative sign reflects the fact thgtis downward. Substitu-
dependence dfi,—h;, where amplitudéA is fixed at 4 and tion of Egs.(5) and(6) into Eq.(4) together with assumption
period T is varied from 4 to 1. We find thah,—h; is a (i) yields

L L
. {Py(x,y) = Py(x,y+dy)}dx+27,dy— fo pgdydx=0,
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and then

. where subscripts 1 and 2 represent quantities in each region.
P.(y)=C ex;{ _2u ) _poL (g  The differenceh,—h, in the surface height in each region is
y L 2u*’ decided by this relation. It should be noticed that wheh
. . _ >0 and wall shear stresses act downward, the height in a
whereC is an integration constant. wide region is larger than that in a narrow region. In the low

Now we consider a force balance in a system with a parand high height limit, or equivalently in the low and high
tition illustrated in Fig. 13. Equatiof8) holds for pressures friction limit, we get

P,y and P, in each region. At the free surfaces, pressures

are zero h—0(u*—0)---p1hy=psh,, (13
P1y(h1) =0, 9 *h *h

Y h—o(u* —0)--- 'uil 1=M|2 2 (14
P,y (hy) =0, (10 ! 2

When the bed height or the particle-wall friction is suffi-
ciently large, the height of the surface level is in proportion
P,,(0)=P,(0). (12) to the width of the region.
Y Y We compare the theoretical prediction with numerical
The boundary condition&) and (10) determine integration Simulations in Fig. 14. Here we pyt=p,. As for u7 and
constants and the conditiqfil) together with Eq(8) gives w5, we adopted calculated values. We find that the theory
rise to agrees qualitatively with the simulation.

and at the end of the partition, both pressures are equated:
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V. SUMMARY AND DISCUSSION In the theoretical treatment, we have assumed(Bqto
. . . . _account for the surface level migration. On the other hand,
In this wc_)rk, we have carried out eXper.'mer.‘tal'.nume”(.:alexperiments and simulations tell us that various other param-
and theoretical _studles on surface IeveI_ migration '”,V'brat'ngeters exert strong influence on surface level migration. In
beds of cohes!onle_ss granular mate_rlals. The existence Qfiner words, the coefficient* and its sign, depend strongly
surface level migration has been confirmed in all three wayspp, these parameters. Moreover, the system exhibits complex
The effects of a number of parameters have been examinggbhavior. For instance, we have found an intermediate state
and elucidated. Roughly speaking, the factors which lead t@f wall shear stress. Numerical simulations of normal and
lowering of the surface level of a narrow region and enhancehear stresses, , 7, at u,,=0.05 are plotted in Fig. 15. Here
surface level migration are summarized (@y low frequen-  the shear stress on the outer wall in a wide region is upward
cies(E), (2) low accelerationsE,S), (3) large differences in  and those on the other walls are downward. Thus, it remains
chamber widthgE,T), (4) small particles(E), (5) large bed to clarify a mechanism which controls wall shear stresses.
heights(S,T), and (6) large wall friction (S,T). Here E, S, Convection is one candidafd1]. Observation of both ex-
and T in parentheses denote deductions from experimenperiments and simulation, seems to suggest that downward
simulation, and theory, respectively. Friction between parflow along the partition plays an important role. Figure 16
ticles and side walls turned out to play a particularly keyshows vector plots of average momentum flux. Whep
role. =0.5 and surface level migration takes place, strong convec-
Wall shear stresses in vibrating beds are generally dowrtion is observed, whereas in the absence of wall friction,
ward. We can present a simple explanation of this phenomg,,=0.0, and surface level migration, convective motion is
enon. In one cycle of vibration, wall shear stresses act upalso absent. However, further investigation is necessary for
ward when the system rises. In this situation, particles aréefinite conclusions. Finally, we add a comment on intersti-
lifted by the bottom wall and the material and the vessel gaial pressure effects. For small particles=0.02 cm), the
up together as if they were one body. Hence wall sheapressure variations in the interstitial air has been reported to
stresses are relatively small. When the system descends, ptay an important rol¢17]. For larger particles, in contrast,
the contrary, particles are left above and large downwardittle influence has been observéti7] and we believe that
stresses are exerted by side walls. It follows that averagthe qualitative nature of the phenomenon can be explained
wall shear stresses over one cycle are downward. without considering the interstitial pressure.
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