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Surface level migration in vibrating beds of cohesionless granular materials
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Surface level migration in vibrating beds of cohesionless granular materials is investigated experimentally,
numerically, and theoretically. The difference in surface levels of narrow and wide regions is measured for
various values of the vessel size, particle size, and frequency and power of vibration. The effects of these
parameters on surface level migration are clarified. A molecular dynamics technique is used to calculate
various physical quantities, especially, wall shear stresses. It becomes evident that side walls exert downward
forces on particles and the friction between particles and walls play an essential role in surface level migration.
A vertical force balance on a layer of the material is analyzed and a formula for the difference of surface levels
is derived. The theoretical results are compared with numerical ones. The theory and the simulation agree
qualitatively.@S1063-651X~98!09312-X#

PACS number~s!: 81.05.Rm, 05.40.1j, 47.20.Ky, 83.10.Pp
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I. INTRODUCTION

Since the pioneering work by Faraday@1#, vibrating beds
of cohesionless granular materials have attracted cons
able attention of many researchers not only in powder te
nology but also in physics~See, e.g., Refs.@2# and@3#!. They
exhibit a wide variety of dynamical behaviors such as he
ing @4#, convection@5#, segregation@6#, bubbling @7#, and
surface waves@8#. Recently, Akiyama and Shimomura@9,10#
have reported a novel phenomenon: When a tube is
mersed in a vibrating bed and held stationary, the surf
level of particles within the tube becomes different from th
outside. We refer to this phenomenon as ‘‘surface level
gration.’’ The difference in surface levels depends on a nu
ber of parameters such as particle size, frequency and am
tude of vibration, height of beds, and difference in area
two regions@11#. Usually, the surface in the narrow region
the tube falls. In some cases, however, the surface level
narrow region becomes higher than that of a wide region
even a bistable state appears@12#. Apparently, surface leve
migration is similar to capillary phenomena. It is well know
that capillarity of ordinary liquids comes from surface te
sion. In contrast, little is known about the mechanism
surface level migration of granular materials. The purpose
this paper is to investigate surface level migration in vibr
ing powder beds experimentally, numerically, and theor
cally and to make progress in the understanding of the p
nomenon.

In Sec. II, we perform experimental studies and meas
effects of the vessel size, particle size, and frequency
power of vibration. In Sec. III, a molecular dynamics tec
nique is used to simulate numerically and various phys
quantities, particularly, wall shear stresses, are calcula
Section IV is devoted to theoretical explanation based u
numerical data obtained in Sec. III. Finally in Sec. V, w
summarize and discuss our results.
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II. EXPERIMENT

We used an acrylic vessel of widthL and thicknessb
52.4 cm, shown in Fig. 1. It has a partition of thicknessl 0
50.2 cm which divides the vessel into two regions of wid
l 1 and l 25L2 l 02 l 1 . The partition is attachedd51.0 cm
away from the bottom of the vessel and two regions
interconnected through a gap of thicknessd. In order to in-
vestigate effects of vessel width, we prepared several size
vessels withL53.2– 6.2 cm andl 150.6– 1.8 cm. As for
granular particles, we used three size ranges of glass bea
diameterr 50.018– 0.025(0.02) cm, 0.050–0.071~0.06! cm,
and 0.099–0.140~0.10! cm. Hereafter we represent them b
typical values shown in parentheses. The vessel is vibra
by a speaker where a frequencyf and an applied voltageV
are controlled. The form of the waves was checked by
oscilloscope and found to be sinusoidal. The frequencyf is
varied in a range from 10 to 100 Hz and the voltageV is

FIG. 1. Schematic diagram of a vessel.
7650 © 1998 The American Physical Society
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changed from 10 to 30 V. The ratioG[A(2p f )2/g of the
vibratory to gravity acceleration was calculated from me
sured values of the vibration amplitudeA. Figure 2 shows
results atV530 V andf 515– 30 Hz. The ratioG turned out
to be almost constant. After vibration of several minutes,
system reached a steady state independent of initial co
tions. Then the heighth1 of the surface of the particle bed i
a narrow region of widthl 1 and thath2 in a wide region of
width l 2 were measured. The zero point of height was
signed at the bottom of the partition. Note that the surface
the vibrating bed is generally inclined. In the present wo
h1 and h2 stand for average values of the highest and
lowest points of the surface. The experiment was perform
several times under different circumstances such as the

FIG. 2. Frequency dependence of the ratioG of the vibratory to
gravity acceleration (V530 V).

FIG. 3. Effects of the applied voltages on heightsh of particle
beds in narrow ~s! and wide ~d! regions (l 151.2 cm, L
56.2 cm, r 50.06 cm!.
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FIG. 4. Effects of the vessel size on heightsh of particle beds at
constant widthL56.2 cm in narrow~s! and wide~d! regions (V
530 V, r 50.06 cm!.

FIG. 5. Effects of the vessel size on heightsh of particle beds at
constant ratiol 1 / l 25

1
4 in narrow ~s! and wide ~d! regions (V

530 V, r 50.06 cm!.
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rection of frequency change~increase or decrease!, the loca-
tion of the narrow region~left side or right side!, and the
time and date.

The results are shown in Figs. 3–6. Here heights of p
ticle beds are plotted as a function of the frequencyf of
vibration. Heightsh1 in a narrow region are denoted by ope
circles and thoseh2 in a wide region are indicated by soli
circles. In Fig. 3, heights for values ofV510– 30 V are plot-
ted, which shows that the qualitative features are indep
dent of V. At low frequencies, the surface levelh1 of the
narrow region is much lower than that of the wide regionh2 .
With increasing frequency,h1 rises and exceedsh2 . In the
high frequency region,h1 andh2 are almost equal and othe
dynamical behaviors such as convection was not observe

FIG. 6. Effects of the particle size on heightsh of particle beds
in narrow ~s! and wide ~d! regions (l 151.2 cm, L56.2 cm, V
530 V!.

FIG. 7. Schematic diagram of simulations.
r-

n-

. It

is considered that in this region, the estimated amplitude
vibration is much less than the bead size and the particle
is inactive. In the next two figures, effects of the vessel s
are examined. In Fig. 4, the widthL of the whole vessel is
kept constant at 6.2 cm and the widthl 1 of a narrow region
is changed, whereas in Fig. 5, the ratiol 1 / l 2 is fixed at1

4 and
L is altered. Atl 151.8 cm, h1 is nearly equal toh2 at all
frequencies. Whenl 1&1.0 cm, on the contrary,h1 is much
lower thanh2 and surface level migration clearly takes plac
In addition, frequency dependence in these three case
similar. It should be noted that in Fig. 5 where the vessel s
is changed keeping the similarity, the upper two results
almost the same but the bottom one is qualitatively differe
The coexistence of similar and nonsimilar behaviors sugg
that a simple scaling relation does not hold. Rather, the
solute value ofl 1 seems to play an important role in surfa
level migration. In Fig. 6, results of three size ranges of gl
beads are compared. We find that the particle size exert
important influence on surface level migration. In the ca
r 50.02 cm, the surface level of the narrow region alwa

FIG. 8. Snapshot of simulations (mw50.5, A54.0, T52.0, N
5600!.

FIG. 9. Difference of heightsh22h1 as a function of the
particle-wall friction coefficientmw (A54.0, T52.0!.
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falls, while atr 50.10 cm,h1 exceedsh2 except at low fre-
quencies. At an intermediate sizer 50.06 cm,h1 varies rap-
idly with changing the frequencyf.

III. SIMULATION

Simulations were carried out for two-dimensional syste
where granular particles are modeled by inelastic hard d
with both translational and rotational degrees of freed
@13#. The simulation is schematically illustrated in Fig. 7.N
particles of radiusr and massm are confined to a rectangula
box with a partition of zero thickness. The box oscillat
with a triangular wave form of periodT and amplitudeA.
Interparticle collisions are assumed to be the standard ce
of-mass hard-core collisions. The precollision and postco
sion relative particle velocitiesv' normal to the surface a
contact are related by

v'8 52epv' , ~1!

whereep is a coefficient of restitution and the prime denot
a postcollisional quantity. The forcefi acting tangential to
the surface is subject to Coulomb’s law

FIG. 10. Period dependence of the difference of heightsh2

2h1 (G539.4,N5600!.

FIG. 11. Normalsx and shearty stresses exerted by side wal
on particles atmw50.5 (A54.0, T52.0, N5400!.
s
ks

er-
i-

fi852mpuf'u
vi

uviu
, ~2!

wheremp is a friction coefficient,f' is the normal force, and
vi is the relative velocity tangential to the surface. When
friction force obtained from Eq.~2! is large enough to
change the sign ofvi , the so-called fully rough surface con
dition

vi850, ~3!

is used in place of Eq.~2!. Translational and angular veloc
ties of particles after collision are completely determin
from Eqs.~1!, ~2!, or ~3!, and conservation laws of transla
tional and angular momentum. Collision between a parti
and a solid wall is similarly defined with a coefficient o
restitutionew and a friction coefficientmw . Initially particles
are arranged in a square lattice and particle velocities
chosen to be random. Note that initial conditions are irr
evant to steady state properties. In the present simulati
we chose units of length, mass, and time such that^r &
5^m&5g51, whereg is the gravity acceleration and th
brackets denote the average. The radiusr and massm of
particles are uniformly distributed in a ranger 50.8;1.2 and

FIG. 12. Effects of the ratioG of the vibratory to gravity accel-
eration on the height differenceh22h1 (mw50.5, A54.0!.

FIG. 13. Schematic diagram of boundary conditions for pr
suresP1y , P2y in a vessel with a partition.
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m50.64;1.44, which corresponds approximately to expe
mental conditions. The numberN of particles is changed
from 400 to 800. The vessel size is given byL540.0, l 1

510.0, l 2530.0,d520.0, andH5100.0– 150.0. The period
T and amplitudeA of oscillation are chosen such thatT
50.5– 3.0 andA50.25– 9.0. Notice thatG[A(2p/T)2/g is
in most cases much larger than unity and the system is hi
accelerated. Later we will see that the friction between p
ticles and side walls exerts a strong influence. Among
various coefficients of restitution and friction, therefore,mw

is widely varied from 0.0 to 1.0, while the other paramete
are fixed atep5ew50.95 andmp50.2.

Figure 8 shows a snapshot of simulations atmw50.5. The
surface of a wide region rises substantially and surface le
migration takes place. In the absence of frictionmw50.0, on
the other hand, the difference in surface levels are q
small. In order to treat quantitatively, we have calcula
heightsh1 and h2 of surface levels in narrow and wide re
gions at steady states. Herehi is defined byhi54ni / l i( i
51,2), whereni is a number of particles in each region.
Fig. 9,mw-dependence of the difference of heightsh22h1 is
plotted. With increasingmw , h22h1 increases rapidly and
then decreases gradually. The influence of the frequenc
oscillation is checked in Fig. 10. Hereh22h1 is plotted as a
function of T, whereG is kept constant. At all periods,h2
2h1 at mw50.0 is almost zero, whereas that ofmw50.5 is
always large. It becomes evident that the friction betwe
particles and side walls play an essential role in surface le
migration. Thus, we have computed wall shear stresses.
ure 11 shows normal and shear stressessx , ty exerted by
side walls on particles as a function of vertical positiony
from the bottom of the vessel. Here circular, triangular, op
and solid symbols represent stresses by outer walls, by i
walls, in a narrow region, and in a wide region, respective
Stresses in a wide region are larger than those in a na
region. In addition,ty,0, that is, side walls exert downwar
shear stresses. It is well known that in static powder beds
direction of wall shear stress is upward such that the s
walls support the particles. It should be emphasized
when subject to the vibration, wall shear stresses act in
opposite direction to those in static beds, and the side w
push particles down. Figure 12 shows the acceleration~G!
dependence ofh22h1 , where amplitudeA is fixed at 4 and
period T is varied from 4 to 1. We find thath22h1 is a

FIG. 14. Comparison of the theory and the simulation for
ratio of heightsh2 /h1 (mw50.5, A54.0!.
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monotonically decreasing function ofG and surface level
migration is suppressed at highG.

IV. THEORY

In static powder beds, Janssen@14# employed a simple
force balance on elemental slices and derived a well-kno
formula for the stress distribution@15#. In this section, we
perform a similar analysis for vibrating beds based upon
following two assumptions:~i! Stresses are uniform acros
any horizontal section of the material and~ii ! wall shear
stresses are proportional to horizontal stresses and the
portional coefficient is independent of the height of the s
tem. The forces supported by a layer at heighty;y1dy are
composed of stresses from adjacent layers, those from
walls, and gravity. A dynamical version of Janssen’s tre
ment has been reported in Ref.@16#. In the present paper
however, we consider only steady states and neglect ine
terms. The resulting vertical force balance in a tw
dimensional system reads

E
0

L

$Py~x,y!2Py~x,y1dy!%dx12tydy2E
0

L

rgdydx50,

~4!

wherePy is the vertical compressive stress andr is the den-
sity of the material. Simulations show that in vibrating be
of G.1, particles behave similar to molecules in norm
gases and the stress is locally isotropic:

Px~x,y!5Py~x,y!. ~5!

Assumption~ii ! leads to

ty52m* Px , ~6!

where m* .0 is an effective wall friction coefficient. The
negative sign reflects the fact thatty is downward. Substitu-
tion of Eqs.~5! and~6! into Eq.~4! together with assumption
~i! yields

FIG. 15. Normalsx and shearty stresses exerted by side wal
on particles atmw50.05 (A54.0, T53.0, N5400!.
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FIG. 16. Vector plot of mo-
mentum flux in the presence (mw

50.5) and in the absence (mw

50.0) of the particle-wall friction
(A54.0, T52.0, N5400!.
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2
dPy

dy
2

2m*

L
Py2rg50 ~7!

and then

Py~y!5C expS 2
2m*

L
yD2

rgL

2m*
, ~8!

whereC is an integration constant.
Now we consider a force balance in a system with a p

tition illustrated in Fig. 13. Equation~8! holds for pressures
P1y and P2y in each region. At the free surfaces, pressu
are zero

P1y~h1!50, ~9!

P2y~h2!50, ~10!

and at the end of the partition, both pressures are equat

P1y~0!5P2y~0!. ~11!

The boundary conditions~9! and ~10! determine integration
constants and the condition~11! together with Eq.~8! gives
rise to
ar-

es

d:

r1l 1

m1*
H expS 2m1*

l 1
h1D 21J 5

r2l 2

m2*
H expS 2m2*

l 2
h2D 21J ,

~12!

where subscripts 1 and 2 represent quantities in each re
The differenceh22h1 in the surface height in each region
decided by this relation. It should be noticed that whenm*
.0 and wall shear stresses act downward, the height
wide region is larger than that in a narrow region. In the l
and high height limit, or equivalently in the low and hig
friction limit, we get

h→0~m*→0!¯r1h15r2h2 , ~13!

h→`~m*→`!¯
m1* h1

l 1
5

m2* h2

l 2
. ~14!

When the bed height or the particle-wall friction is suf
ciently large, the height of the surface level is in proporti
to the width of the region.

We compare the theoretical prediction with numeri
simulations in Fig. 14. Here we putr15r2 . As for m1* and
m2* , we adopted calculated values. We find that the the
agrees qualitatively with the simulation.
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V. SUMMARY AND DISCUSSION

In this work, we have carried out experimental, numeri
and theoretical studies on surface level migration in vibrat
beds of cohesionless granular materials. The existenc
surface level migration has been confirmed in all three wa
The effects of a number of parameters have been exam
and elucidated. Roughly speaking, the factors which lea
lowering of the surface level of a narrow region and enha
surface level migration are summarized by~1! low frequen-
cies ~E!, ~2! low accelerations~E,S!, ~3! large differences in
chamber widths~E,T!, ~4! small particles~E!, ~5! large bed
heights~S,T!, and ~6! large wall friction ~S,T!. Here E, S,
and T in parentheses denote deductions from experim
simulation, and theory, respectively. Friction between p
ticles and side walls turned out to play a particularly k
role.

Wall shear stresses in vibrating beds are generally do
ward. We can present a simple explanation of this phen
enon. In one cycle of vibration, wall shear stresses act
ward when the system rises. In this situation, particles
lifted by the bottom wall and the material and the vessel
up together as if they were one body. Hence wall sh
stresses are relatively small. When the system descend
the contrary, particles are left above and large downw
stresses are exerted by side walls. It follows that aver
wall shear stresses over one cycle are downward.
od
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In the theoretical treatment, we have assumed Eq.~6! to
account for the surface level migration. On the other ha
experiments and simulations tell us that various other par
eters exert strong influence on surface level migration.
other words, the coefficientm* and its sign, depend strongl
on these parameters. Moreover, the system exhibits com
behavior. For instance, we have found an intermediate s
of wall shear stress. Numerical simulations of normal a
shear stressessx , ty at mw50.05 are plotted in Fig. 15. Here
the shear stress on the outer wall in a wide region is upw
and those on the other walls are downward. Thus, it rema
to clarify a mechanism which controls wall shear stress
Convection is one candidate@11#. Observation of both ex-
periments and simulation, seems to suggest that downw
flow along the partition plays an important role. Figure
shows vector plots of average momentum flux. Whenmw
50.5 and surface level migration takes place, strong conv
tion is observed, whereas in the absence of wall fricti
mw50.0, and surface level migration, convective motion
also absent. However, further investigation is necessary
definite conclusions. Finally, we add a comment on inter
tial pressure effects. For small particles (r 50.02 cm), the
pressure variations in the interstitial air has been reporte
play an important role@17#. For larger particles, in contras
little influence has been observed@17# and we believe that
the qualitative nature of the phenomenon can be explai
without considering the interstitial pressure.
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